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Lyapunov differential equations
The building blocks
Consider a dynamic system x˙ = f (x , u).
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Lyapunov differential equations
Forward sensitivity
What if the initial value is perturbed by a quantity δ?
u
x(0) + δ
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Lyapunov differential equations
Propagation of covariance
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Lyapunov differential equations
Propagation of covariance










Σ˙(t) = S˙ΣST + SΣS˙T
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Lyapunov differential equations
Propagation of covariance










Σ˙(t) = ASΣST + SΣSTAT
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
Lyapunov differential equations
Propagation of covariance
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Lyapunov differential equations
Propagation of covariance










Σ˙(t) = AΣ(t) + Σ(t)AT
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
Lyapunov differential equations
Propagation of covariance










Σ˙(t) = AΣ(t) + Σ(t)AT
P˙(t) = A(t)P(t) + P(t)A(t)T + Q(t)
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Lyapunov differential equations
P˙(t) = A(t)P(t) + P(t)A(t)T + Q(t)
Lyapunov matrix










with x˙ = f (x , u,w)
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Lyapunov differential equations
P˙(t) = A(t)P(t) + P(t)A(t)T + Q(t)
Lyapunov matrix
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Add a safety margin (factor γ), scaled with uncertainty of the
system
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Point mass driven by a spring






subject to x˙(t) = f (x(t), u(t), 0), t ∈ [0,T ]
x(0) = x(T )
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subject to x˙(t) = f (x(t), u(t), 0), t ∈ [0,T ]
x(0) = x(T )
0 ≥ hi (x(t)), t ∈ [0,T ]
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Point mass driven by a spring
force in a viscous 2D field
Periodic trajectory







subject to x˙(t) = f (x(t), u(t), 0), t ∈ [0,T ]
x(0) = x(T )
0 ≥ hi (x(t)), t ∈ [0,T ]
0 = φ(x(0))
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Point mass driven by a spring
force in a viscous 2D field
Periodic trajectory








subject to x˙(t) = f (x(t), u(t), 0)
x(0) = x(T )
P˙ = AP + PAT + BΣwB
T
P(0) = P(T )
P(0)  0
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OCP discretization methods
Direct method




s.t. xk+1 = Φ (δ; xk , uk , 0) , k = 0 . . .N − 1
x0 = xN
0 = φ(x0)
0 ≥ hi (xk), k = 0 . . .N − 1




































Interpolation at the end:
F = Π(1; zk) = xk+1








Start condition and system dynamics:
G =
 Π(0; zk)− xk∂Π∂ρ (ρ1; zk)− δf (Π(ρ1; zk), uk)
∂Π
∂ρ (ρ2; zk)− δf (Π(ρ2; zk), uk)
 = 0







xk+1 = F (zk)
0 = G (xk , zk , uk)
Formulate (F ,G )
Solve implicit sys






s.t. xk+1 = Φ (δ; xk , uk , 0) , k = 0 . . .N − 1
x0 = xN
0 = φ(x0)
0 ≥ hi (xk), k = 0 . . .N − 1
















0 ≥ hi (xk), k = 0 . . .N − 1




















0 ≥ hi (xk), k = 0 . . .N − 1




















0 ≥ hi (xk), k = 0 . . .N − 1






s.t. xk+1 = F (zk), k = 0 . . .N − 1
0 = G (δ; xk , zk , uk , 0), k = 0 . . .N − 1
x0 = xN
0 = φ(x0)
0 ≥ hi (xk), k = 0 . . .N − 1






s.t. xk+1 = F (zk), k = 0 . . .N − 1
0 = G (δ; xk , zk , uk , 0), k = 0 . . .N − 1
x0 = xN
0 = φ(x0)
0 ≥ hi (xk), k = 0 . . .N − 1
What to do with the Lyapunov equations?
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OCP discretization methods
What to do with Lyapunov equations?
P˙(t) = A(t)P(t) + P(t)A(t)T + Q(t)
Classical approach
Make a vector out of P
Append to x
Construct an augmented f (x , u)
Use your favourite integrator Φ / OCP environment
Problem
Pi+1 = Pi + ∆t(APi + PiA
T )
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What to do with Lyapunov equations?
P˙(t) = A(t)P(t) + P(t)A(t)T + Q(t)
Classical approach
Make a vector out of P
Append to x
Construct an augmented f (x , u)
Use your favourite integrator Φ / OCP environment
Problem
Pi+1 = (I + A∆t)Pi (I + A∆t)
T − (∆t)2APiAT
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OCP discretization methods
Numerical example
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Numerical example


















Trouble is brewing. . .
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Positive Definiteness Preserving Method
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Positive Definiteness Preserving Method
A simple idea
Don’t attempt to discretize continous Lyapunov equation itself
Build a discrete form from discretization of nominal OCP
Φ =
{
xk+1 = F (zk)
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xk+1 = F (zk)
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Move system inversion to top level NLP (direct collocation)

xk+1 = F (zk)
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J(x•, u•,T ) #
subject to xk+1 = F (zk) nN
0 = G (T/N; xk , zk , uk , 0) Nn(d + 1)















P0 = PN n
2












0 = φ(x0) 1








i = 0 . . . q − 1
Nq
k = 0 . . .N − 1.
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Numerical example
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
Positive Definiteness Preserving Method
Numerical example
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
Positive Definiteness Preserving Method
Numerical example
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
Positive Definiteness Preserving Method
Take home message
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P˙(t) = A(t)P(t) + P(t)A(t)T + Q(t)Lyapunov matrix










with x˙ = f (x , u,w)
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Lyapunov differential equations
P˙(t) = A(t)P(t) + P(t)A(t)
T + Q(t)
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minimizex(·),u(·),P(·),T J(x(·), u(·),T )
subject to x˙(t) = f (x(t), u(t), 0)x(0) = x(T )P˙ = AP + PAT + BΣwBTP(0) = P(T )P(0)  0
0 ≥ hi (x(t)) + γ√Ci (t)PCi (t)T0 = φ(x(0))








Start condition and system dynamics:
G =
 Π(0; zk)− xk∂Π∂ρ (ρ1; zk)− δf (Π(ρ1; zk), uk)
∂Π
∂ρ (ρ2; zk)− δf (Π(ρ2; zk), uk)
 = 0
A Pos. Def. Preserving Discretization Method for Lyapunov Diffe






s.t. xk+1 = F (zk), k = 0 . . .N − 10 = G (δ; xk , zk , uk , 0), k = 0 . . .N − 1x0 = xN
0 = φ(x0)
0 ≥ hi (xk), k = 0 . . .N − 1
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl












In an OCP context




























































OCP discretization methodsNumerical example
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In an OCP context
% P˙(t) = A(t)P(t) + P(t)A(t)T + Q(t) → ∫
































































































Move system inversion to top level NLP (direct collocation)
xk+1 = F (zk )




















A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
Positive Definiteness Preserving Method
Numerical example
A Pos. Def. Preserving Discretization Method for Lyapunov Diffe
rential Equation — Joris Gillis, Moritz Diehl
A Pos. Def. Preserving Discretization Method for Lyapunov Differential Equation — Joris Gillis, Moritz Diehl
